Feshbach-Resonant Interactions in "^^K and ^Li Degenerate Fermi Gases 
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We theoretically examine a system of Fermi degenerate atoms coupled to bosonic molecules by a 
Feshbach resonance, focusing on the superfluid transition to a molecular Bose-Einstein condensate 
dressed by Cooper pairs of atoms. This problem raises an interest because it is unclear at present 
whether bimodal density distributions observed recently in '*'^K and ®Li are due to a condensate of 
bosonic molecules or fermionic atom pairs. As opposed to ''"K, we find that any measurable fraction 
of above-threshold bosonic molecules are necessarily absent for the ®Li system in question, which 
strongly implicates Cooper pairs as the culprit behind its bimodal distributions. 

PACS numbers: 03.75.Ss 
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Introduction.-Magnetoassoci&tion creates a molecule 
from a pair of colliding atoms when one of the atoms 
spin flips in the presence of a magnetic fleld tuned near a 
Feshbach resonance [1]. Recently, ultracold [2] and con- 
densate [3] molecules have been created via magnetoas- 
sociation of a Fermi gas of atoms, in the course of efforts 
to create superfluid Cooper-paired atoms [4, 5] (see also 
Refs. [6]). In particular, for a magnetic fleld tuned above 
the two-body threshold for molecule formation, the ob- 
servation of a bimodal density distribution for a system 
of "^^K atoms was attributed to the existence of a Bose- 
Einstein condensate of fermionic Cooper pairs [4] . Never- 
theless, a lone theoretical analysis suggests that the 
data[4] can be understood as a Bose-Einstein condensate 
of molecules, since the presence of the Fermi sea shifts 
the threshold for molecular formation to the point where 
the molecular binding energy is equal to twice the Fermi 
energy [7], an interpretation that has been bolstered, 
though not conflrmed, by observations of bimodal distri- 
butions in ^Li atoms [5] . The purpose of this Letter is to 
demonstrate that significant fractions of above-threshold 
molecular condensate are absent only when the atom- 
molecule coupling is much larger than the Fermi energy. 
In a surprise reversal, our results point to interpretations 
of a molecular and fermionic Bose-Einstein condensates, 
respectively, instead of fermionic [4] and molecular [5] 
condensate. 

The mean-field theory of magnetoassociation of a 
Fermi gas of atoms leads to two types of instabilities 
against molecule formation. First is a dynamical instabil- 
ity, whereby the larger state space of the molecules, owing 
somewhat to Pauli blocking, leaves the atoms prone to 
spontaneous association into molecules [8] . Here we focus 
on the thermodynamic instability of a Fermi sea against 
the formation of Cooper pairs [9], a trait of supercon- 
ductors whose analog is passed on to Feshbach-resonant 
superfluids [10]. A thermodynamical instability occurs 
because pairing lowers the energy, similar to Fig. 1, and 
so coupling to a reservoir with a low enough temperature 



leaves the system prone to pairing. The question is what 
role molecules play in this process. 

Our answer is outlined as follows. After introducing 
the model [11], we show that weak (strong) coupling gives 
a large (negligible) fraction of above threshold molecules, 
and that, although contrary to two-body physics, this re- 
sult makes perfect sense in terms of our previous [12, 13] 
boson results. In particular, for atom-molecule cou- 
plings much larger than the Fermi energy, dissociation to 
fermionic pairs should dominate the creation of bosonic 
molecules. We then find that bosonic molecules can be 
ruled out for the observations in Ref. [5] , but not for those 
in Ref. [4] . Before concluding we contrast our results with 
the recent related theories [7, 14-17]. 




FIG. 1: Example of the onset of the superfluid transition to 
a Bose-Einstein condensate of molecules dressed by fermionic 
atom pairs. The appearance of a non-zero superfluid gap 
(A) lowers the chemical potential {^) compared to the nor- 
mal state (dashed curve) , signaling the onset of the superfluid 
regime. As it happens, the coupling constant and the detun- 
ing in this example are chosen to be exceptionally large (see 
later text), similar to recent experiments [5]. 
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Ideal Gas Model. Wc model an ideal two-component 
gas of fermionic atoms coupled by a Feshbach resonance 
to bosonic molecules. An ideal gas is chosen for simplic- 
ity, and is justified by a coUisional interactions strength 
that is negligible compared to the atom-molecule cou- 
pling (see next-to-last section). In the language of 
second-quantization, an atom of mass m and momen- 
tum fik is described by the annihilation operator at, 1(2), 
and a molecule of mass 2m and similar momentum is 
described by the annihilation operator fek- AH operators 
obey their (anti)commutation relations. The microscopic 
Hamiltonian for such a freely-ideal system is written: 

P 

k 

-i X! (^lc+k'ak,iak',2 + H.c.) , (1) 
^ k,k' 

where repeated greek indices imply a summation {a = 
1,2). The free-particle energy is hck = h'^k^/2m, the 
atom (molecule) chemical potential is hficr (moi)7 and the 
bare detuning Sq is a measure of the binding energy of 
the molecule (<5o > is taken as above threshold), the 
mode-independent atom- molecule coupling is /C, and V 
is the quantization volume. We have already imposed the 
ideal conditions for superfluidity with = fj,2 = fJ,, and 
now we impose chemical equilibrium between the atoms 
and molecules with /Xmoi = Hi + H2 = 2/u. Diagonaliza- 
tion of the Hamiltonian (1) is achieved by the standard 
transformation to a dressed basis [11]: 

/ Oik,! \_( cos 9k -e"^smOk\[ ak,i \ 
V"-k2y Ve"''^sin^fc cos^fe A«-k2/' 

(2a) 

/3k = 6k - Vv^6k,o, (2b) 
where <5k,o is the Kronecker delta-function; hence, 

f = (5o-2M)y|$p + ^(ie, + 5o-2M)/3l/3k 

k 

+ ^ [(eft - ^i) +LUk (al^^iOk,! + at^2'^k,2 - l) • 

k 

(3) 

The condensate mean- field is (6o)/v^ = e^'^l*!, the mix- 
ing angle is tan20fe = |A|/(efc — /x), the eigenfrequencies 
are = (efc - /x)^ -|- |A|^, and the gap is |A| = |$|/C. 

To determine the thermodynamic ground state, wc 
first calculate the pressure from the partition function 
S = Trexp (— /3Jf), which is then extremized with re- 
spect to the molecular amplitude and, in turn, the chem- 
ical potential, yielding [11]: 

{6 - 2/x) = S(0) + ^ ^ — tanh ^f3uk. (4a) 



^ I ' +yA.exp[/3(ie, + <5-2M)]-l 

1 X - iVk + H - Ck + {cok - + Cfc) exp(-/3a;fc) 
Wk[l + exp(-/3wfc)] 

(4b) 

Renormalization is via the resonant self-energy S(0) [13], 
meaning the physical detuning S replaces the bare Sq- 

Weak vs. Strong Coupling.Solviiig the algebraic sys- 
tem (4) self-consistently determines the chemical poten- 
tial as a function of temperature. Intuitively the ap- 
pearance of a non-zero gap lowers the chemical poten- 
tial of the superfluid BEC-pair dressed state compared 
to the normal state, which allows us to confirm that, 
for a given temperature, the system is in the superfluid 
regime, c.f.. Fig. 1. Along with the conservation of parti- 
cle number. Figs. 2 (a,b) indicates a ground state that is 
a molecular condensate dressed by dissociated fermionic 
pairs, an admixture adjustable according to the detun- 
ing from threshold. In particular, for an atom-molecule 
coupling that is weak compared to the Fermi energy, 
n = y/p/C < ep [where ep = h{2,TJ:^ pf'^ /2m], we find 
a large fraction of above-threshold molecular condensate 
[Fig. 2 (a)], whereas f7 3> leads to an above- resonance 
system that is predominantly fermionic pairs [Fig. 2 (b)] . 

We have confirmed that for strong coupling the frac- 
tion of molecular condensate remains negligible (^ 10^^) 
for (5 ~ eF, i.e., the absence of a large near-threshold frac- 
tion is not the result of choosing Q as the frequency scale; 
similarly, having properly renormalized the detuning, it 
is not due to any spurious shift of resonance threshold. 
Additionally, the trap, albeit omitted, can actually favor 
the occurrence of superfluid pairing [25]. 

Below threshold {5 < 0), Fourier analysis delivers 
the binding energy, fuvs < 0, of the Bose-condensed 
molecules [8, 13]: w^ — (5 — E'(cjB) + ir7 = 0, where E'(cjb) 
is the finite self-energy of the Bose molecules and 77 = 0+. 
Above the two-body threshold {6 > 0) gives an imaginary 
lob, and the boiuid state ceases to exist; nevertheless. 
Fig. 2 (a) shows a large fraction of molecular condensate, 
which drops off for increasing coupling strength as per 
Fig. 2 (b). These apparently contradictory results arc in 
fact consistent with the dynamical studies of rapid adi- 
abatic passage in bosons [12, 13): just above threshold, 
the coupled atom-molecule system can have a significant 
fraction of molecular condensate [12], but "rogue" disso- 
ciation to atom pairs with equal and opposite momentum 
is expected to dominate the formation of molecules for 

^ hp^/^ /m ~ ep [12, 13]. Physically, the rate for con- 
verting atoms into molecules is ~ O, whereas the rate 
for rogue magnetodissociation is Fq cx £7^ [18]; hence, 
for a strong enough coupling, rogue magnetodissociation 
to fermionic pairs of atoms with equal-and-opposite mo- 
mentum will dominate the formation of molecular con- 
densate. 
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FIG. 2: Molecular condensate fraction as a function of the 
above-threshold detuning. For T = O.OSTp < To, where 
Tc is the critical temperature for the supcrfluid transition, 
weak coupling {Q. — ep) finds a large fraction of above- 
threshold molecular condensate (a), whereas a strong coupling 
(fi = 35eF) finds a largely absent MBEC (b), independent of 
the above- threshold detuning. In panel (c), the solid line is 
for T = O.OSTf < Tc and 0, = Aep, and the dashed line is 
the weak result from panel (a) scaled by 1/4^ [20]. The open 
circles are used to emphasize how only the first point is taken 
from the region where the ideal gas approximation may break 
down. The actual results are markedly better than the scal- 
ing, and in agreement with observation [4] except for a shift of 
about 0.2 G. In panel (d) the superfluid ^''K phase boundary 
is evident in a departure from exponential behavior. 



Recent Experiments and Theory. -The significance of 
the above results is seen by comparison with experiments 
in ^''K [4] and ^Li [5] systems. Detunings are converted 
into magnetic fields according to AB = hS/A^, where 
the difference in magnetic moments between the atom 
pair and a molecule is A^, and where AB = B — Bq 
(with Bo the magnetic-field position of resonance). 

For a ''"K gas of density p = 2x lO'^'^cm"^, the coupling 
strength is [8, 19] ~ Atp', the difference in magnetic 
moments is A^ « 0.19/io [8] (with /xq the Bohr magne- 
ton). Off hand, wc arc tempted to scale [20] the results 
of Fig. 2 (a), but the result is not encouraging [Fig. 2 (c), 
dashed line]; nevertheless, a full recalculation [Fig. 2 (c), 
solid line and open circles] of the solution to Eqs. (4) for 
^ = Aep yields results that, except for a roughly 0.2 G 
shift, agree embarrassingly well with the measured [4] 
bimodal distributions (not shown). The 0.2 G disagree- 
ment is understood more clearly given Fig. 2 (d), where 
the superfluid phase boundary in detuning, given roughly 
by the dashed line, is marked by a clear departure from 
exponential behavior. Overall, it seems that we agree 
with Ref. [7] that bosonic molecules can not be ruled 
out, by two-body physics or otherwise, as the culprit re- 
sponsible for the condensate footprints in [4]. 



On the other hand, for a ^Li gas of typical density [5], 
the atom-molecule coupling is [19, 21] Q. = STcp. Ap- 
proximating A^ = 2 Ho, any molecular BEG can already 
be ruled out of experiments [5] based on Fig. 2 (b). Even 
without explicitly accounting for the somewhat larger 
^Li coupling constant, Fig. 2 (b) would predict a near- 
unit fraction of fcrmionic pairs. Since the atom- molecule 
coupling in Fig. 1 is f2 ~ 150ei? and the detuning is 
S ^ fl,we estimate the critical temperature Tc ~ 0.2Tf', 
which is close to the measured [5] largc-dctuning criti- 
cal temperature (all things considered); hence, we expect 
T = 0.05Tf to be far enough below the critical temper- 
ature so that what is not molecular condensate is most 
likely superfluid fermionic pairs, with only a small ther- 
mal fraction. Indeed, whereas initial experiments mea- 
sure 80% condensate fractions [5], recent measurements 
are in excess of 90% [22], consistent with expectation. 

We pause to briefly justify the ideal gas model. The 
coUisional interaction strength is A = 2T:Hpa/m, where 
a is the off-resonant atomic s-wave scattering length. 
The ^'^K and ^Li scattering length are roughly an or- 
der of magnitude apart: ax = 176ao [23] and [aLi] = 
2110 ao [21, 24], with ag the Bohr radius. For a typical 
density p ~ lO^^cm"^, it turns out that magnitude of 
the coUisional coupling strengths, in units of the atom- 
molecule coupling, are roughly equal: [Aj/fi « 10~^. 
GoUisions should therefore be broadly negligible. 

Before closing, it is important to draw contrast with 
the latest work of others. First, it appears that the stabil- 
ity of the above-threshold molecules is a matter of compe- 
tition between formation of molecular condensate and the 
subsequent magnetodissociation to fermionic pairs, as op- 
posed to many-body effects [7] (see also Ref. [14]). Next, 
although the chemical potential for the near-resonant 
'^''K system is undoubtedly in the so-called universal 
regime [15], and molecules are not expected to play role 
in such a case [15], wc found herein that molecules cannot 
be ruled out. Also, whereas a prominent single-channel 
theory [26]-i.e., only atoms and their pairs, no explicit 
molecules-has shown good agreement with the ^"K ex- 
periments [16], this theory would presumably deliver sim- 
ilar answers for both experiments [4, 5], unlike our the- 
ory. Finally, it is entirely possible that the threshold of a 
strongly-coupled system is systematically shifted to neg- 
ative detunings, as suggested recently [17]-albeit without 
recourse to the atom-molecule coupling strength, a mat- 
ter defered to elsewhen. 

Summary and Conclusions. -We have found that, in 
a Fcshbach-rcsonant gas of Fermi atoms, significant 
fractions of molecular condensate are absent for atom- 
molecule couplings that are strong compared to the Fermi 
energy. While it is perhaps a stretch call the ^"K [4] sys- 
tem weak, it is clear that bosonic molecules can not be 
ruled out of its bimodal distributions. However, bosonic 
molecules can be ruled out for the ^Li [5] system, which 
strongly suggests that Gooper pairing/fermionic conden- 
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sation has been observed. Our interpretation is that, 
because rogue magnetodissociation favors fermionic pair 
formation, a condensate of Cooper pairs rather than 
molecules is formed. These results suggest that, in ad- 
dition to bosons and fermions, the schism between dy- 
namics and thermodynamics is, at least on some level, 
artificial. Moreover, debate is currently raging over the 
necessity of a separate molecular channel in theories of 
Feshbach-resonant fermionic atoms [27], and our results 
strongly suggest that molecules play an explicit role in a 
wholistic understanding of experiments. 
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